
constants 

constant 
Aio = pre-exponential factors of main reaction rate 

C, = specific heat of reaction mixture 
C1 = cost of separation of reactant from product 
Cz = cost of separation of byproduct from product 
C3 = cost of  reactant 
E = activation energy of fouling reaction rate constant 
Ei = activation energies of main reaction rate constants 
f( = rate of the ith chemical reaction 
G, GI, Gz = integrands of objective functional 
gk‘ = rate of the kth fouling reaction 
H ,  H I ,  H2 = Hamiltonians 
A H ,  = heat of reaction of the ith chemical reaction 
hi = blending function 
I = objective functional 

r 

L’ 
P = pressure 
p = E l / E  

q{ = reference feed rate 
qk’ 
qk = dimensionless feed rate vector to kth bed = 

T = temperature 
t‘ = time 

u k  
V = total reactor volume 
w ( z )  = initial catalyst activity along the reactor length 

= total reactor residence time 

p1 = E2/El 

= feed rate vector to kth bed 

qk’/qo’ 

t = t ’ /e 
= control variable vector in the kth bed 

x, y = state variables 
z’ 
z = dimensionless spatial coordinate 

Greek Letters 

= residence time in the reactor 

spatial coordinate of end of ( k  - 1) st bed 
spatial coordinate at beginning of kth bed 
A10 - L 
A20 * L 

&oV/qo’ 

AzoV/qo’ 
scalar constant 
total on-stream time 
adjoint variables 
extent of the i* reaction, or concentration of ith 
species 
A08 
RT/E1  
instantaneous catalyst activity for the kth cata- 
lytic agent 
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Diffusion and Reaction in Ideal 
MuI ticom ponen t Systems: 
1. Tubular Reactor near Equilibrium 

R. L. SOLOMON and J. L. HUDSON 
University of Illinois, Urbono, Ill inois 

Diffusion and either surface or gas-phase reaction in a ternary ideal gas mixture in steady 
fully developed laminar flow in a tube is considered. The linearized equations valid near 
equilibrium and under isothermal conditions are solved. Concentration profiles predicted using 
a multicomponent diffusivity matrix are compared to those predicted using more approximate 
diffusivities. Local overshoots past equilibrium occur, but oscillations (with axial position) are 
not possible. A simplified diffusivity expression is found which predicts cup-mixing mole 
fractions in good agreement with those predicted using the multicomponent diffusivities. 

In a multicomponent mixture the diffusional flux of each 
component depends on the spatial variation of the concen- 
tration of all the species. If the fluxes depend linearly on 
the mole fraction gradients according to an expression of 
the form 

(1) 

and if no chemical reaction occurs, the species mass bal- 

N 

Ji' = - c 2 Dija V X ~  
3=1 

R. L. Solomon is at Manchester University, Manchester, England. 

ances can be uncoupled; the solutions of the equations 
governing the multicomDonent svstem can then be found " " 
in terms of solutions of analogous binary problems (6, 7, 
27, 29, 30) .  

If a chemical reaction occurs the species mass balances 
can not, in general, be uncoupled (31). Interesting and 
important effects due to the coupling in diffusion and reac- 
tion can occur in multicomponent systems. Toor (31)  
considered transient diffusion and gas-phase reaction in a 
one-dimensional nonflow multicomponent system. The 
linearized equations were solved by separation of variables. 
Toor showed that the eigenvalues for an ideal system near 
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equilibrium are always real and positive so that the system 
is stable and the time behavior is nonoscillatory. Overshoots 
in time near equilibrium are however possible. Transient 
diffusion and surface reaction in a one-dimensional system 
without flow has also been considered ( 1 2 ) .  

In  this work multicomponent diffusion and chemical re- 
action in a tubular reactor are considered. It is assumed 
that the flow is fully developed, laminar, and steady. The 
fluid is an ideal gas near chemical equilibrium and the 
reaction rate expressions are linearized about their equi- 
librium values. The mixture is isothermal. A diffusional 
flux expression of the form (1) is used where the dif- 
fusivities are assumed to be constant and equal to their 
values at equilibrium. Representative reactions are con- 
sidered and values for the rate constants are taken from 
the literature. Both gas-phase and surface reactions are 
treated. The concentration profiles and reaction rates pre- 
dicted using the multicomponent diffusion flux expression 
(1) are compared to those predicted using a flux expres- 
sion of the form 

Ji" - c Di" VX, ( 2 )  
where the Di are not equal. In  addition, the predicted 
concentration profiles and reaction rates are compared to 
those obtained using ( 2 )  with all Di equal. The results 
are limited to ternary systems. Both irreversible and re- 
versible reactions are considered. 

This work on ternary diffusion and reaction in a tubular 
reactor is an extension of previous work on a single ir- 
reversible reaction in dilute systems. Fluid-phase reactions 
(10, 14, 25, 3 2 ) ,  surface reactions (2 ,  13, 21, 22, 2 5 ) ,  
and simultaneous fluid-phase and surface reactions ( 2 5 )  
have been treated. 

Studies of coupled reactions are limited, although fluid- 
phase ( 3 4 )  and surface reactions (11, 15) have been con- 
sidered in a tubular reactor using a diffusional flux law 
of the form ( 2 )  ; in the case of consecutive reactions with 
uncoupled diffusion the mass balances are uncoupled in 
the sense that they can be solved consecutively. Coupled 
reactions in a flow system have also been considered using 
the flux law ( 2 )  with equal diffusivities (16, 1 7 ) ;  when 
the diffusion coefficients are equal the mass balance equa- 
tions can be uncoupled by a transformation. 

ANALYSIS 

Consider a ternary isothermal ideal gas in a tubular re- 
actor. The three species take part in a chemical reaction 
for which there is no volume change. I t  is assumed that 
the flow is laminar and steady and that axial diffusion may 
be neglected. I t  is further assumed that the mixture is 
near chemical equilibrium such that the reaction rate ex- 
pressions may be linearized around their equilibrium values 
and that the multicomponent diffusivities and the viscosity 
may be taken as constant and equal to their values at 
equilibrium. Under these conditions the dimensionless 
mass balances are 

where 

with boundary conditions 

and in addition the mole fractions are symmetric about 

r) = 0. The vector (y) is the deviation of the mole frac- 
tions away from their equilibrium values. For a ternary 
system the vector ( 9 )  has two components; the third 
component has been eliminated using the fact that the sum 
of the mole fractions is one. In the work that follows the 
component eliminated will always be that which has the 
largest equilibrium concentration. The dimensionless line- 
arized gas-phase and surface reaction rate constant matrices 
[ K ]  and [ F ]  and the diffusion matrix [ D ]  are defined by 

[K] = [ K " ]  R'/DR 
[ F ]  = [ F a ]  R / D R  
[ D ]  = [ D " ] / D R  

In the examples considered, one of the matrices [ K ]  or 
[ F ]  is always zero so that the reactions occur only on the 
tube surface or in the gas phase; however the analysis does 
hold for both [ K ]  and [ F ]  nonzero. 

The elements of the diffusivity matrix D will be chosen 
in one of three ways. Multicomponent diffusion coefficients 
are first considered and are designated [ D ] & ~ C .  The multi- 
component diffusion coefficients can be determined from 
the binary diffusivities Ol2, 013, 9 2 3  and the equilibrium 
concentrations for an ideal gas ( 5 ,  9). In general no ele- 
ment of [D],,fc is zero. There are three independent coeffi- 
cients for a ternary system. The binary diffusivities are 
estimated from the Wilke-Lee correlation (19, 3 3 ) .  The 
second manner of choosing [ D ]  is to use binary diffusivi- 
ties. Equations (3 )  are written for the two least concen- 
trated species (say 1 and 2 ) .  The diffusivities of species 1 
and 2 are then 0 1 3  and 0 2 3 ,  respectively. The matrix [ D ]  
is thus diagonal and is designated [ D ] B .  The matrices 
[ D ] M ~  and [D]B  become equal as the mole fractions x 1  
and x2 approach zero. The third diffusivity matrix consid- 
ered is formulated using effective diffusivities for compo- 
nents 1 and 2 where these effective diffusivities are ob- 
tained from ( 3 ) :  

4 Dij 
f = l  
j#i 

The dimensionless matrix with elements D ~ " / D R  is desig- 
nated [ D I E .  Although both [D]B  and [ D I E  are diagonal, 
the elements of a diagonal are, in general, not equal. Thus 
the mathematics involved in using [ D ] B  or [ D I E  is no 
simpler than that involved in using [ D ] M c ,  since in no 
case can Equations ( 3 )  be uncoupled. The problem is 
greatly simplified if a diffusivity matrix can be used which 
is a constant times the identity matrix, that is, all the dif- 
fusivities are equal; in this case Equations (3)  can be un- 
coupled if either only gas-phase or only surface reactions 
take place. Such a diffusivity matrix is determined below 
and is designated [I]. 

Equations (3 )  with boundary conditions ( 4 )  and (5) 
are solved by the Galerkin method. I t  is convenient to first 
uncouple the boundary condition (5) ; of course if no sur- 
face reaction occurs (5) is already uncoupled and this 
step is unnecessary. The matrix [ D ]  can always be in- 
verted (6, 29, 3 0 ) .  The modal matrix [TI of [ D l - l  [F] 
is thus found and (5) becomes 

where 
( 4 )  = [TI-' ( 9 )  (9) 

(10) LT1-l [DI-lCFl [TI = [ P I  

where [P] is diagonal and has elements pL1 and pz. Equa- 
tion (3)  with (4) transforms to 
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(1 - q2> - - [HI Vn2 ($1 + CL1 ($1 (11) 

($) = ($0) = [TI-' (yo) z = 0 (12) 

(13a) 

(13b) 
Equation (11) with (8)  and (12) is solved by the 

Galerkin method. (4) is expanded in a set of trial func- 
tions. 

where 
CHI = [TI-' [Dl [TI 

CL1 = [TI-' CKI [TI 

M 

$ i =  2 aij(z) pij(7) (14) 
j=1 

where pij (7) = cos 'aij 7. The ( ~ i j  are chosen to be roots of 

( a )  = 

in which case boundary condition (8)  is satisfied exactly. 
The set (14) is complete for M + 00. The series is trun- 
cated after M terms and the error is made orthogonal to 
the ith trial function weighted by ?. Thus the mass balances 
for components 1 and 2 are multiplied by qpij d? and 
? p 2 j  d7, respectively, and integrated from 7 = 0 to 7 = 1. 
This yields a set of 2M ordinary differential equations: 

alM 
a2 1 

a2M 

[Z] %= [W] ( a )  

where ( a )  is a vector of 2M elements 

The matrices [Z] and [W] are 2M x 2M. [Z] is parti- 
tioned into four M x M submatrices 

CZl= [ ;:p 3 (17) 

where each element of [ZIZP] and [Z21P] is zero and 
1 

(z1lP)ij = J pe~ ~ ( 1  - 7'1 4 ' ( 1 8 ~ )  

(ZnP)ij = J po2i pzj 721 d? (18b) 
1 

The matrix [Z] is symmetric. 
[W] is the sum of [A] and [B], and [A] and [B] are 

each partitioned into four M x M matrices as in Equation 
(17).  Denote the mnth element of the ifh submatrix as 
A L , ~ ~ , ,  and Bimjn. Then 

The matrix [W] is not symmetric. 
The solution to (16) is 
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2rvl 

(a )  = 2 (C)i eicz = [c] ( s )  (20) 
i=l 

where the Ai are the 2M eigenvalues of CZI-1 [W] and 
[ C] is the matrix whose columns are the eigenvectors (C) i .  
The ith element of ( S )  is S? = oi chi*. 

The coefficients wi are found from the boundary condi- 
tion at z = 0: 

M 

(21) 

Multiplying Equations (21) by qplj d7 and 7p2j d7 and 
integrating from 7 = 0 to 7 = 1 yields 

where 

JI.0 t - - 2 clij(O)pij i =  1 , 2  
j=1 

(Q) = [PI ( ~ ( 0 ) )  (22) 

[PI is a 2 M  x 2 M  matrix which is partitioned into four 
M x M matrices of which [ P 1 Z p ]  and [P2lP] are null, 
while 

(24a) 

(24b) 

1 

(pI1p)ij = S, pli plj 7 4 

(p22p)ij = f pzi pzj 7 4 
i , i = l ,  . . .  M 

Since 
(40)) = [Cl (o), 

(u) = { [PI CCl I-' ( Q )  (25) 
The solution for the concentration profiles is now complete. 
It will be of interest to have an expression for the cup- 

mixing mole fraction ( y ) This is 
A 

( ; ) = [ T I  ( 3 ,  (26a) 
where 

i =  1 ,2  

By integration of (3)  over the tube cross section it can 

be shown that the yi are stoichiometric. For example, for 

the reaction A + B * 2C, YA = yB = - '/z yc. This can 
also be seen from a mass balance around a volume from 
the reactor inlet to a point a finite distance downstream; 

since the yi are stoichiometric at the inlet and axial dif- 

fusion has been neglected, the yi must be stoichiometric 
at every downstream position. 

The transformation (9)  is only necessary if [ F ]  is non- 
zero and the boundary conditions at 7 = 1 are coupled. 
If no surface reaction occurs Equations (3)  with (4)  and 
(5)  are solved by the Galerkin method. The roots aij  are 
then ( j  - 1 ) ~ ;  i = 1, 2, . . . M; i = 1, 2. 

The numerical calculations were carried out on an IBM 
7094. The roots of (15) were obtained by the Newton- 
Raphson method ( 2 3 ) .  All the integrals were evaluated 
analytically. The eigenvalues of CZ1-l [W] were found 

A 

A h  A 

A 

A 
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by the method due to Parlett (18, 2 4 ) .  The eigenvectors 
were found by inverse iteration. Up to a 20-term expansion 
was used which gave 40 eigenvalues, 20 to 25 of which 
had at least three-place accuracy. In most cases 9- to 15- 
term expansions for gas-phase reaction and 12- to 15-term 
expansions for surface reactions yielded three- to four- 
figure accuracy in mole fractions for z & 0.1. The solutions 
agreed well with previous results for limiting cases (25, 
3 4 ) .  

RESULTS 

Representative calculations will be presented; further 
results can be found in reference 24. 

Consider first the gas-phase reaction Hz + 12 * 2HI. 
The reaction rate data of Bodenstein ( 4 )  and of Graven 
(8) are used. These rate expressions have been recently 
modified to take into account a trimolecular free radical 
effect (28); this effect is greatest at high temperatures. 
However, the reaction rate constant matrices obtained by 

.025 - 

.o I 

L 1 

0 
-- , 

0 .25  .5 .75 I 
7 

linearizing the two rate expressions around equilibrium 
differ only by a constant factor. The two rate expressions 
thus lead to similar results; the results can be made identi- 
cal by considering a slightly different tube radius in the 
two cases. The older rate expressions are thus used in this 
study. 

As a first example consider T = 978"K., P = 0.9 a h . ,  
and an equimolar equilibrium state (13.5% HP, 13.5% 12, 
and 73% HI) .  The dimensionless multicomponent and 
binary diffusivity matrices are 

mid 

' Y  

[ D ] M c  = [ -0.133 0.0951 1 (27) 
0.956 0.0029 

.03C 

.02 

.01 

C 

-.002 

0 .25 .5 .7 5 I 

9 
Fig. 1. Radial profiles of mole fraction in the tubular reactor near 
equilibrium; Hz, Is; P = 0.9 a h . ,  T = 978°K.; stoichiometric 

equilibrium (H2 + 12Ft2HI).  

Fig. 2. Radial profiles of mole fraction in  the tubular reactor near 
equilibrium; Hz. 12; P = 2.77 otm., T = 978°K.; stoichiometric 

equilibrium (H2 + I@ZHI). 
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Fig. 3. Bulk mole fraction as function of axial position for the 
homogeneous reaction H2 + 12FI2HI and the heterogeneous re- 

action SO2 + 1/2 02+50:~. 

ll 

Fig. 4. Radial profile of H z  mole fraction in the tubular reactor 
near equilibrium; P = 2.77 atm., T = 978°K.; stoichiometric 

equilibrium (Hz + I z e 2 H I ) .  

Components 1 and 2 are Hz and 12, respectively, where as 
usual the most concentrated component (here HI) has 
been eliminated. The reference dift'usivity is given by DR 
= D H ~ , H I  at the temperature and pressure being consid- 
ered. One of the off diagonal terms of [D]Mc is large. 
Each element of the dimensionless rate constant matrix 
[ K ]  is -0.256. Since the equations are linear, the value 
of (y )  at z = 0 is arbitrary. The values yl0 = yzo = 0.0365 
were chosen. (This lowers the HI mole fraction by 10% 
at the inlet.) Radial profiles of mole fraction are shown in 
Figure 1 for several axial distances. The solid and dotted 
curves were calculated using [D]Mc and [ D l s ,  respec- 
tively. Despite the differences between (27) and (28) the 
profiles are almost the same; the cup-mixing mole fractions 
obtained with the two models are essentially identical. The 
I 2  radial gradient is large compared to that for H2 since 
the former has lower diffusivities. The profiles always de- 
crease with increasing radial position. 

Consider now the effect of raising the pressure and thus 
of raising the dimensionless linearized rate constants, that 
is, T = 978"K., P = 2.77 atm. The equilibrium mole frac- 
tions and the dimensionless diffusivity matrices are the 
same as above; the elements of the dimensionless rate con- 
stant matrix are increased to -2.43. The radial profiles of 
mole fraction are shown in Figure 2. Again the multicom- 
ponent and binary diffusivities predict approximately the 
same results. The cup-mixing mole fractions are shown in 
Figure 3 and those predicted using (27) and (28) are 
identical to the accuracy of the graph. For comparison 
the mole fraction distribution predicted using a plug-flow 
model is also shown; this was obtained analytically as 
shown in reference 24. Returning to Figure 2 it is seen 
that as the fluid travels downstream the hydrogen profiles 
become very flat and the iodine profiles become rather 
steep because of the large difference in their diffusivities. 
The iodine mole fraction overshoots its equilibrium value 
in the wall region for z 0.10; however, the hydrogen 
mole fraction always stays above its equilibrium value. The 
low iodine concentration near the wall causes a low rate 
of reaction there; the hydrogen profiles change from 
monotonically decreasing to monotonically increasing with 
increasing radial position as can be seen from Figure 4. 
Since the iodine overshoots its equilibrium value near the 
wall, the possibility exists that reaction reversal will take 
place; it can be shown from the reaction rate expression 
that this does occur farther downstream ( z  = 0.7). Thus 
HI is being formed near the tube center and decomposes 
near the tube wall. No overshoot occurs, however, in the 
cup-mixing mole fractions or in the averaged reaction rate. 
A pressure intermediate between that considered in Figure 
1 and that considered in Figures 2, 3, and 4 was also 
treated, that is, P = 1.96 atm. Again the iodine overshoots 
its equilibrium value but in this case no reaction reversal 
occurs. 

A somewhat higher pressure was also considered, 
namely, P = 5.6 atm., T = 978°K. This is the highest 
pressure which can be treated, since the higher reaction 
rates require more terms in the series expansion. The radial 
profiles of the hydrogen mole fractions are shown in Figure 
5. The curves shown were evaluated using [ D ] B ;  similar 
results were obtained using [ D ] M c .  The change from 
monotonically decreasing to monotonically increasing de- 
pendence on radial position is again observed. However, 
in this case the hydrogen concentrations go past their 
equilibrium values near the tube center. The iodine pro- 
files are not shown but resemble the results for P = 2.77 
atm. shown in Figure 2. 
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Fig. 5. Radial profile of H2 mole froction in the tubulor reactor 
near equilibrium; P = 5.6 atm., T = 978°K.; stoichiometric 

equilibrium (H2 + 1@2HI). 

The closeness of the concentration profiles predicted 
using [ D ] M c  and [D]B  can be explained by considering 
(27) and (28). The only relatively large cross diffusivity 
involves the diffusional flux of iodine. The flux is +0.133 
V,y1 - 0.0951 V,y? for multicomponent diffusion and 
-0.0839 V,y2 for binary diffusion where the subscripts 
1 and 2 denote hydrogen and iodine, respectively. In most 
of the reactor Vnytl < IV,yzI and both v,y1 and V,yz 

the same. This is not true farther downstream where v,yl 
changes sign; however, most of the reaction has already 
taken place before this sign change. 

The above calculations were repeated at a lower tem- 
perature, namely, T = 781°K. The results are qualitatively 
similar to those discussed above for T = 978°K. 

The results predicted using [DIMc and [D]B  are not 
always so similar. Consider for example a nonstoichiometric 
equilibrium composition rich in hydrogen, namely 51.0676 
H2, 47.88% HI, and 1.06% 12; T = 794"K., P = 10 atm. 
Here hydrogen is eliminated from the equations so that 
the binary diffusivities of I2 and of HI in H2 are used in 
[D]B .  The digusivity matrices are 

are negative. T h e diffusional fluxes thus tend to be about 

[DIMc = [ o'208 ] 
1.001 1.209 

1 1.0 0 
1.237 L D 1 B =  [ 

where component 1 is I2 and 2 is HI. Some radial profiles 
of HI mole fraction are shown in Figure 6. For graphical 
convenience the inlet mole fraction difference YHI was 
chosen to be positive. The deviation between the results 
predicted using [ D ] w c  and [ D ] e  is somewhat greater 

than that found above. No overshoot was predicted using 
either diffusivity matrix. 

Calculations were also carried out for the gas phase 
reaction CO + Clz @ COC12; details of the results can 
be found in reference 24. In this case there is a volume 
change on reaction, which violates one of the assumptions 
made in the analysis. (The velocity profile is fully devel- 
oped.) However it is shown ( 2 4 )  that the qualitative con- 
clusions drawn from the study are correct. A range of reac- 
tion rate constants was covered, including very high reac- 
tion rates, No overshoot past equilibrium was found. The 
difference between this result and that obtained for the 
hydrogen iodide reaction can be explained by considering 
the diffusivities of the reacting species. The binary dif- 
fusivities DCO, C O C ~ ~ ,  DCO, el2, and Dc12, c0cl2 are relatively 
close; the ratio of the largest to the smallest is approxi- 
mately 3. The corresponding ratio for the hydrogen, iodine, 
and hydrogen iodide system is about 10. The multicompo- 
nent diffusion matrix for C0C12 formation at 883"K., 30 
atm., and an equal number of moles of C12 and CO is 

(29) [L)lMc = [ 1.217 
-0.383 J 

-0.0802 1.905 

The diagonal diffusivities are close in magnitude, whereas 
in (27) they differ by about one order of magnitude. The 
results predicted using [ D ] B  agreed very closely with those 
predicted using [D]i\.Ic for all the cases studied. 

The surface reaction SO2 + W O2 * SO3 was also con- 
sidered. At  temperatures less than 700"K., which are the 
conditions used industrially, the reaction goes to comple- 
tion. Since conditions near equilibrium are being treated 

YH I 

I I I 

\ 
\ 

-. - '. \ ---- rDi 

-. 

25 5 75 

7 

Fig. 6. Radio1 profile of HI mole froction in the tubulor reactor near 
equilibrium; P = 10 atrn., T = 794°K.; equilibrium mole fractions 

X H ~  = 0.5106, XHI = 0.4788,  XI^ = 0.0106 (H2 + 1 2 e 2 H I ) .  
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Fig. 7. Radial profiles of mole fraction in the tubular reactor near 
equilibrium; 0 2 ,  SO2; P = 1.0 atm., T = 955°K.; stoichiometric 

equilibrium ( 5 0 2  + 1/2 02+SO3). 

in this work, temperatures greater than 900°K. are con- 
sidered where there is a significant concentration of SO2 
and O2 at equilibrium. At T = 955”K., P = 1 atm., and 
stoichiometric amounts of SO2 and 0 2 ,  the equilibrium is 
35% SO*, 17.5% 0 2 ,  and 47.5% SO3 on a molar basis. 
The elements of the first row of the dimensionless linear- 
ized surface rate matrix [F] are 28.24 and the elements 
of the second row are 14.17. Component 1 is SO2, compo- 
nent 2 is 0 2 ,  and the most concentrated component SO3 
has been eliminated. The tube radius was chosen to be 0.5 
cm. The diffusivity matrices are 

(30) cDIMc = [ -0.03 1.77 
and 

At the inlet to the reactor the mole fractions of O2 and 
SO2 were increased 10%. Radial profiles of mole fraction 
are shown in Figure 7. The multicomponent and binary 
diffusivities predict essentially the same results. The SO2 
overshoots its equilibrium value near the wall. I t  should 
be noted that this overshoot did not occur for the gas- 
phase phosgene reaction even though the diff usivity matrix 
(29) is very similar to (30). For a gas-phase reaction the 
difference in the diagonal diffusivities has to be much 

larger for overshoot to occur, for example see (27 )  for 
the hydrogen iodide reaction. If the temperature is de- 
creased to 902°K. for the SO3 formation, the rate matrix 
is reduced to about one-third its value at 955°K. and the 
dimensionless diffusivity matrices remain about the same. 
In this latter case the overshoot of the SO3 concentration 
past equilibrium is very slight; at lower temperatures the 
overshoot will not occur. The cup-mixing mole fractions for 
0 2  and SO2 are shown in Figure 3. If the parabolic veloc- 
ity profile is replaced by plug flow and [ D ] e  is used, the 
problem can be solved analytically; this analytical solution 
is presented in reference 24 and the result is shown in 
Figure 3 for comparison. 

In all of the above cases the calculated eigenv. ‘1 I ues are 
real. Thus, although overshoots occur, no oscillations of 
concentrations can occur with increasing axial position. 
This is due to the fact that the systems were always held 
near equilibrium. This is consistent with previous findings 
of Bak ( 1  ) , Prigogine (20), and Toor (31 ) . A discussion 
is presented in reference 26 on the meaning of “near equi- 
librium.” 

Many of the above calculations were repeated using the 
diffusivity matrix [DIE where the diagonal elements are 
defined by (7) and the off diagonal terms are zero. In 
general, the results compared poorly with those predicted 
using [DIM! (24 ) .  

The use of either [ D ] B  or [DIE rather than the multi- 
component diffusivity matrix [D]Mc offers no mathemati- 
cal simplification in the solution of Equations (3 ) .  The 
equations given by (3 )  cannot be uncoupled when any 
of these three diffusivity matrices is used. Any transforma- 
tion which diagonalizes the reaction matrix leaves the 
equations coupled through the diffusion. This has been 
discussed in detail by Toor ( 3 1 ) .  However, if the diffusiv- 
ity matrix is a constant times the identity matrix, that is, 
D[1] and either [ K ]  or [F] is zero, uncoupling is possi- 
ble and the governing equations can be solved separately. 
Because of the great mathematical simplification, it is of 
interest to determine if a single diffusivity can be found 
which when used in Equations ( 3 )  can duplicate the re- 
sults predicted using the multicomponent diffusivity matrix 
[ D ] M c .  Such a single diffusivity cannot duplicate the radial 
mole fraction profiles given above. The single diffusivity 
would predict that the mole fractions of the reactants 
would be everywhere stoichiometric; for example, in Fig- 
ures 1 and 2 the hydrogen and iodine profiles would be 
identical. However, the cup-mixing mole fractions shown 
in Figure 3 could be duplicated. Several methods of find- 
ing 5 = D ‘ /DR were tried. For example, taking as 
the average of the three binary diffusivities was tried and 
was found to give poor results. The method which yields 
consistently good results in predicting cup-mixing mole 
fractions is a modification of the Wilke-Lee formula (19, 
3 3 ) .  The most concentrated component at equilibrium is 
designated as 3. Average values of the parameters are cal- 
culated for components l and 2. These averages are then 
combined with the properties of 3 in the Wilke-Lee 
formulas to calculate 5’. The average molecular weight 
is given by 

The average force constant and collision diameter are 

{ E / k } A  = [ {E /k } l  { E/k}Z] I/.. 

rl + r2 

2 
rA = 

Then B * is given by 
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where 

and f is the tabulated collision integral (19). The cup- 
mixing mole fractions were found using the single dimen- 
sionless diffusivity = E*/DR. The results compared 
very well with those predicted using [ D l ~ c .  Representa- 
tive results are shown in Figure 3. For the hydrogen iodide 
reaction, the results using and [D]Mc are identical to 
the accuracy of the graph. For the surface reaction the 
results predicted using are somewhat below those pre- 
dicted using [ D ] M ~ .  

N OTAT I0 N 

expansion coefficient as defined by Equation 

matrix as defined by Equation (19) 
matrix as defined by Equation (19) 
molar concentration, mole/cu.cm. 
matrix of eigenvectors 
reference diffusivity, sq.cm./sec. 
single effective diffusivity as defined by Equa- 
tion (32) ,  sq.cm./sec. 
binary diffusivity, sq.cm./sec. 
[ D*]/DR, diffusivity matrix, dimensionless 
diffusivity matrix, sq.cm./sec. 
binary diffusivity matrix, dimensionless 
effective diffusivity matrix, dimensionless 
multicomponent diffusivity matrix, dimensionless 
[ F* ] R/DR 
surface reaction rate matrix, cm./sec. 
matrix as defined by Equation (13a) 
identity matrix 
molar flux, mole/ (sq.cm.) (sec.) 
Boltzman’s constant 

gas-phase reaction rate matrix, sec.-l 
matrix as defined by Equation (13b) 
number of terms in series expansion 
molecular weight of ith component 
average molecular weight 
pressure, atm. 
matrix as defined by Equation (24) 
vector as defined by Equation (23) 
collision diameter for component 1 
tube radius, cm. 
temperature, O K .  

modal matrix of [D]-1 [ F ]  
fluid velocity at  axis, cm./sec. 
CAI + [BI 
mole fraction vector 
mole fraction vector at  equilibrium 
(.) - (.)e 

value of (y )  a t  z = 0 

(14) 

[ K” ] R 2 / D ~  

( y 1 

z4 = axial Position, cm. 

= cup mixing mole fraction 
Z = Z” DR/VR 

Greek Letters 

‘~ij 

’1 

hi = eigenvalue 
[PI 
mi 

Subscripts 
A 
e = equilibrium 
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